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1 Motivation
Light-cone distribution amplitudes (LCDAs) play a key role in the factorization of short-
and long-distance dynamics entering exclusive transition amplitudes in Quantum Chromo-
dynamics (QCD). Defined as hadronic matrix elements of composite QCD operators with
fields separated along the light-cone, they represent genuine non-perturbative quantities,
whose renormalization-scale dependence follows from the anomalous dimension of the defin-
ing operators which can be computed in perturbation theory. While early analyses focused
on light hadrons (pions, kaons, nucleons, etc. [1–4]), with the running b-physics program at
“B-Factories” or high-luminosity hadron colliders, the interest in exclusive decay channels
of B-mesons and Λb-baryons revealed the importance of LCDAs for hadrons containing a
heavy quark. For instance, the former provide the dominant hadronic input for the theo-
retical description of radiative leptonic B-decays [5–10], they enter the QCD-factorization
approach for non-leptonic and semi-leptonic B-decays [11–16], and they naturally appear
in the context of soft-collinear effective theory (SCET) [17, 18]. They can also be used in
correlation functions that form the basis of light-cone sum rules for heavy-to-light transition
form factors [19, 20], and they appear as limiting cases in the kT -factorization approach
for heavy-meson [21, 22] or heavy-baryon [23] decays.
Theoretical properties of LCDAs have been classified for heavy mesons (see e.g. [12, 24,
25]) and heavy baryons (see e.g. [26–28]). The renormalization-group (RG) evolution of the
LCDAs has been derived in the heavy-quark limit, where the b-quark fields are treated in
heavy-quark effective theory (HQET), for both, mesons [29–35] and baryons [26]. Available
model parametrizations are typically inspired by sum-rule analyses, for instance [30] for
B-mesons or [26] for Λb-baryons. Certain inverse moments of the B-meson LCDA can also
be constrained from experimental data, most notably from the radiative leptonic decay
B → γ`ν (see [9, 10] for recent analyses).
In this article, our aim is to improve the theoretical modelling of LCDAs for B-mesons
and Λb-baryons in two aspects: First, we introduce a new representation for LCDAs in
terms of a convolution of Bessel functions and a spectral function, which behaves in a
dual way compared to the original LCDAs. This representation diagonalizes the Lange-
Neubert (LN) evolution kernel, and therefore greatly simplifies the analytic solution of the
RG equation. Our formalism also provides a systematic method to include the Efremov-
Radyushkin–Brodsky-Lepage (ERBL) kernel, which arises from gluon exchange among the
light spectator quarks in the Λb-baryon. — Second, we develop a general procedure for an
efficient modelling of LCDAs, starting from momentum-space projectors, which satisfy the
equations of motion for the partonic Fock-state components. In this approach, the LCDAs
follow as simple integrals over a set of (fewer) on-shell wave functions, which allows for a
comparison between LCDAs used in the collinear factorization approach and transverse-
momentum-dependent wave-functions employed in the kT -factorization approach. For B-
mesons, our formalism reproduces the so-called Wandzura-Wilczek (WW) relations es-
tablished in [12], and for Λb-baryons, we derive analogous relations between the various
3-particle LCDAs.
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Our paper is organized as follows. In the first part, we focus on B-meson LCDAs
for which we first recollect the main definitions and results, before we introduce our new
representation in terms of dual spectral functions and give a detailed discussion on the
RG properties. As a sample application of our formalism, we briefly reconsider the RG-
improved factorization formula for the radiative leptonic B → γ`ν decay. We proceed with
the definition of on-shell momentum-space wave functions, and show how to construct the
LCDAs and the corresponding momentum-space projectors to be used in applications of
(collinear) QCD factorization. We also discuss how to incorporate corrections to the WW
relations from 3-particle Fock states, and discuss two simple wave function models in detail.
— In the second part we present an analogous analysis for baryon LCDAs. Here, we show
that the momentum-space construction – together with some simplifying assumptions –
leads to an enormous reduction of independent hadronic functions. The RG equations for
the baryon LCDAs are more complicated than for the meson LCDAs, because the LN kernel
and the ERBL kernel depend differently on the two light-quark momenta. Nevertheless, we
show that the RG equations can be solved systematically in the dual space in an expansion
in Gegenbauer polynomials. This also establishes the general properties of leading-twist
baryon LCDAs in the asymptotic limit.
Our results are shortly summarized in Section 4. In the appendix we generalize our
results for the B-meson momentum-space projectors to an arbitrary frame, where the
heavy quark has a transverse velocity component. We also provide some details about
the ERBL evolution of the baryon LCDAs, and collect some general integral relations for
Bessel functions.
2 B–Mesons
2.1 Light-Cone Distribution Amplitudes
We first recapitulate the properties of B-meson LCDAs in the heavy-quark limit, see e.g.
[24] and references therein.
2.1.1 Light-Cone Projector for 2-Particle Fock State
The 2-particle LCDAs of the B-meson in HQET (which differ from the QCD definition,
see [36, 37]) can be obtained from the coordinate-space matrix elements
〈0|q¯β(z) [z, 0]hαv (0)|B¯(v)〉
= − if˜BmB
4
[
1 + /v
2
{
2 Φ˜+B(t, z
2) +
Φ˜−B(t, z
2)− Φ˜+B(t, z2)
t
/z
}
γ5
]αβ
, (2.1)
in the limit of light-like separation z2 → 0. Here t = v · z, and [z, 0] denotes a gauge-link
represented by a straight Wilson line along zµ. The heavy b-quark field in HQET is denoted
as hv for a B-meson that moves with velocity v
µ. The decay constant f˜B in the heavy-
quark limit includes the non-trivial scale dependence from the non-vanishing anomalous
dimension of the local heavy-to-light current in HQET.
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The terms in curly brackets can be expanded around z2 = 0, using the power-counting
induced by the convolution with generic hard-scattering kernels in factorization theorems
(see the discussion in [12]). Introducing light-like vectors nµ± with (n− ·n+) = 2 and
vµ =
nµ−+n
µ
+
2 , and taking (n−z) z⊥  (n+z), we obtain1
2 Φ˜+B(t, z
2) +
Φ˜−B(t, z
2)− Φ˜+B(t, z2)
t
/z
/v→1−→ φ˜+B(τ) /n+ + φ˜−B(τ) /n− +
φ˜−B(τ)− φ˜+B(τ)
τ
/z⊥ +O(z2⊥, n−z) , (2.2)
where t→ τ = n+z2 can be interpreted as the Fourier-conjugated variable to the momentum
component ω = (n−k) associated with the light anti-quark field. Defining the LCDAs in
momentum space from the Fourier transform,
φ±B(ω) ≡
∫
dτ
2pi
eiωτ φ˜±B(τ) , (2.3)
the light-cone expansion in (2.2) corresponds to the momentum-space projector [12]
MB(v, ω) = − if˜BmB
4
[
1 + /v
2
{
φ+B(ω) /n+ + φ
−
B(ω) /n−
−
∫ ω
0
dη
(
φ−B(η)− φ+B(η)
)
γµ⊥
∂
∂kµ⊥
}
γ5
]
, (2.4)
to be used in factorization theorems with hard-scattering kernels where the k2⊥ and (n+k)-
dependence can be neglected (see below).
2.1.2 Wandzura-Wilczek Approximation
In the approximation where 3-particle contributions to the B-meson wave function are
neglected, the equations of motion for the (massless) light-quark field yield WW relations
between the 2-particle LCDAs [12],
dφ˜−B(τ)
dτ
+
1
τ
(
φ˜−B(τ)− φ˜+B(τ)
)
= 0
⇔
∫ ω
0
dη
(
φ−B(η)− φ+B(η)
)
= ω φ−B(ω) ⇔ φ+B(ω) = −ω
dφ−B(ω)
dω
. (2.5)
Including the contributions from 3-particle LCDAs as defined in (2.52) below, this is gen-
eralized to
ω φ−B(ω)−
∫ ω
0
dη
(
φ−B(η)− φ+B(η)
)
= 2
∫ ω
0
dη
∫ ∞
ω−η
dξ
ξ
∂
∂ξ
(ΨA(η, ξ)−ΨV (η, ξ)) . (2.6)
1The generalization to frames where vµ 6= (nµ+ + nµ−)/2 can be found in Appendix A.1.
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2.1.3 Renormalization-Group Evolution
The RG evolution equation for the LCDA φ+B(ω, µ) reads (with a slight change of notation
compared to [29])
dφ+B(ω, µ)
d lnµ
= −
[
Γcusp(αs) ln
µ
ω
+ γ+(αs)
]
φ+B(ω, µ)− ω
∫ ∞
0
dη Γ+(ω, η, αs)φ
+
B(η, µ) ,
(2.7)
where the leading terms in the various contributions to the anomalous dimensions in units
of αsCF /4pi are
Γ(1)cusp = 4 , γ
(1)
+ = −2 , Γ(1)+ (ω, η) = −Γ(1)cusp
[
θ(η − ω)
η(η − ω) +
θ(ω − η)
ω(ω − η)
]
+
, (2.8)
with the usual definition of the plus distribution [29]. The RG equation can be solved in
closed form [32].2 Starting from the Fourier transform3 with respect to the variable lnω/µ,
ϕ+B(θ, µ) =
∫ ∞
0
dω
ω
(
ω
µ
)−iθ
φ+B(ω, µ) ⇔ φ+B(ω, µ) =
∫ ∞
−∞
dθ
2pi
(
ω
µ
)iθ
ϕ+B(θ, µ) , (2.9)
one has an explicit solution of the RG equation,
ϕ+B(θ, µ) = e
V−2γEg
(
µ
µ0
)iθ Γ(1− iθ) Γ(1 + iθ − g)
Γ(1 + iθ) Γ(1− iθ + g) ϕ
+
B(θ + ig, µ0) , (2.10)
where the RG functions are [32]
V := V (µ, µ0) = −
αs(µ)∫
αs(µ0)
dα
β(α)
Γcusp(α) α∫
αs(µ0)
dα′
β(α′)
+ γ+(α)
 ,
g := g(µ, µ0) =
αs(µ)∫
αs(µ0)
dα
Γcusp(α)
β(α)
. (2.11)
Transforming back to momentum space, the RG solution can be written as a convolution
involving hypergeometric functions,4
φ+B(ω, µ) = e
V−2γEg Γ(2− g)
Γ(g)
∫ ∞
0
dη
η
φ+B(η, µ0)
(
max(ω, η)
µ0
)g
× min(ω, η)
max(ω, η)
2F1
(
1− g, 2− g, 2, min(ω, η)
max(ω, η)
)
, (2.12)
which is valid for 0 < g < 1 (larger values of g do not appear in phenomenological appli-
cations and will not be considered further).
2The evolution kernel has been calculated at one-loop, and in [32] it has been conjectured that the
structure of the evolution kernel remains a general feature at higher orders in the perturbative analysis.
3This can also be viewed as Mellin moments 〈ωN−1〉+B for N = −iθ.
4The corresponding formalism for the LCDA φ˜+B(τ, µ) in coordinate space has been worked out in [38].
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As one of the central new ideas of this paper, we suggest an alternative representation
of the RG solution, which is obtained from the ansatz
ϕ+B(θ, µ) :=
Γ(1− iθ)
Γ(1 + iθ)
∫ ∞
0
dω′
ω′
ρ+B(ω
′, µ)
( µ
ω′
)iθ
. (2.13)
The particular parametrization for ϕ+B(θ) implies a simple RG behaviour for the spectral
function ρ+B(ω
′),
ρ+B(ω
′, µ) = eV
(µ0
ωˆ′
)−g
ρ+B(ω
′, µ0) = eV¯
(
µµ0
(ωˆ′)2
)−g/2
ρ+B(ω
′, µ0) , (2.14)
as a solution to the RG equation,
dρ+B(ω
′, µ)
d lnµ
= −
[
Γcusp(αs) ln
µ
ωˆ′
+ γ+(αs)
]
ρ+B(ω
′, µ) . (2.15)
Here we have defined
ωˆ′ = e−2γE ω′ , V¯ (µ, µ0) =
1
2
(V (µ, µ0)− V (µ0, µ)) , (2.16)
to write the solution in a manifestly symmetric form with respect to µ↔ µ0. The relation
between the original LCDA φ+B(ω) and the spectral function ρ
+
B(ω
′) then follows as5
φ+B(ω, µ) =
∫ ∞
−∞
dθ
2pi
Γ(1− iθ)
Γ(1 + iθ)
∫ ∞
0
dω′
ω′
ρ+B(ω
′, µ)
( ω
ω′
)iθ
=
∫ ∞
0
dω′
ω′
√
ω
ω′
J1
(
2
√
ω
ω′
)
ρ+B(ω
′, µ)
= eV
∫ ∞
0
dω′
ω′
√
ω
ω′
J1
(
2
√
ω
ω′
)(µ0
ωˆ′
)−g
ρ+B(ω
′, µ0) , (2.17)
where J1 is the Bessel function of the first kind. The expansion of the LCDA φ
+
B(ω, µ) in
terms of Bessel functions and a spectral weight ρ+B(ω
′, µ) with simple RG properties can be
viewed as the analogue of the Gegenbauer expansion for light mesons, where the Gegen-
bauer polynomials diagonalize the corresponding one-loop RG kernel. Therefore, instead
of defining a model for the input function φ+B(ω, µ0), one can equivalently define a model
for the dual spectral function ρ+B(ω
′, µ0) at a given hadronic input scale, and determine
φB(ω, µ) at a different scale from a relatively simple convolution integral. Alternatively,
one can express ρ+B(ω
′, µ0) in terms of φ+B(ω, µ0) as
ρ+B(ω
′, µ0) =
∫ ∞
0
dω
ω
√
ω
ω′
J1
(
2
√
ω
ω′
)
φ+B(ω, µ0) , (2.18)
such that the solution of the RG equation for φ+B(ω, µ) can also be obtained from a double
convolution,
φ+B(ω, µ) = e
V
∫ ∞
0
dω′
ω′
∫ ∞
0
dη
η
√
ωη
(ω′)2
× J1
(
2
√
η
ω′
)
J1
(
2
√
ω
ω′
)(µ0
ωˆ′
)−g
φ+B(η, µ0) . (2.19)
5In the following, we implicitly assume that ρ+B(ω
′, µ0) ∼ 1/(ω′) with  > 0 in the limit ω′ →∞, such
that the integrals in (2.17) converge for g −  < 1.
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It is also interesting to note, how the spectral function is connected with the function
φ˜+B(τ) appearing in the defining light-cone matrix elements. From (2.3) and (2.18) we
obtain
ρ+B(ω
′, µ) =
∫
dτ
2pi
(
1− exp
[
− i
ω′ τ
])
φ˜+B(τ, µ) . (2.20)
The fact that the product ω′τ appears as the inverse in the exponential — as compared to
ωτ in the conventional Fourier transform in (2.3) — justifies the notion “dual function”. It
also illustrates, why the function ρ+B(ω
′) cannot be reconstructed through its positive mo-
ments related to a local operator product expansion around τ → 0 (see also the discussion
in [30, 32, 39]).
The 2-particle operator that defines the LCDA φ+B(ω, µ) does not mix with the contri-
butions from 3-particle operators under RG evolution [34, 35]. In contrast, the evolution
of the LCDA φ−B(ω, µ) contains a part that is independent of the 3-particle contributions
and can be reconstructed from the WW relation [33], and a part that describes the explicit
mixing with the combination (ΨA − ΨV ) of 3-particle LCDAs that enters the corrections
to the WW relations in (2.6). In the WW approximation, the RG equation for the LCDA
φ−B(ω, µ) can be solved in closed form [33]. In terms of our new strategy for the RG solution,
we find that the transformation
φ−B(ω, µ) =
∫ ∞
0
dω′
ω′
J0
(
2
√
ω
ω′
)
ρ−B(ω
′, µ) (2.21)
with inverse transformation
ρ−B(ω
′, µ) =
∫ ∞
0
dω
ω′
J0
(
2
√
ω
ω′
)
φ−B(ω, µ) (2.22)
diagonalizes the corresponding one-loop renormalization kernel. The WW relation (2.5)
implies a particularly simple relation between the spectral functions,
ρ−B(ω
′) = ρ+B(ω
′), (2.23)
and the solution for the LCDA φ−B(ω, µ) takes the form
φ−B(ω, µ) = e
V
∫ ∞
0
dω′
ω′
J0
(
2
√
ω
ω′
)(µ0
ωˆ′
)−g
ρ−B(ω
′, µ0) . (2.24)
We will give explicit examples for φ±B(ω), and ρ
±
B(ω
′) from different models further below.
2.1.4 Application in Factorization Theorems
The most relevant parameter in phenomenological applications of the factorization ap-
proach is the first inverse moment of the LCDA φ+B(ω). Interestingly, equation (2.19) im-
plies — as a consequence of the completeness relation (C.1) for Fourier-Bessel transforms
— that this moment is identical to the first inverse moment of the corresponding spectral
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function ρ+B(ω
′). This result can be generalized to moments with one or two additional
powers of lnω,∫ ∞
0
dω
ω
lnn
(
ω
µ
)
φ+B(ω, µ)
n=0,1,2
=
∫ ∞
0
dω′
ω′
lnn
(
ωˆ′
µ
)
ρ+B(ω
′, µ)
= eV
∫ ∞
0
dω′
ω′
lnn
(
ωˆ′
µ
)(µ0
ωˆ′
)−g
ρ+B(ω
′, µ0) . (2.25)
The logarithmic moments in the dual space,
Ln(µ) ≡
∫ ∞
0
dω′
ω′
lnn
(
ωˆ′
µ
)
ρ+B(ω
′, µ) , (2.26)
obey a RG equation,
dLn(µ)
d lnµ
= Γcusp(αs)Ln+1(µ)− γ+(αs)Ln(µ)− nLn−1(µ) , (2.27)
which is simpler than the corresponding expressions for the logarithmic moments of φ+B(ω),
see [33]. Its solution can be explicitly written as
Ln(µ) = e
V
∞∑
m=0
gm
m!
n∑
j=0
n!
(n− j)! j! ln
n−j
(
µ0
µ
)
Lm+j(µ0) . (2.28)
However, to make use of this relation in practice, one would have to truncate the infinite
sum, i.e. expand the result for g  1. Evidently, the solution for the spectral function (2.14)
– which contains the same information as (2.28) – is much simpler and very economic.
Moreover, in terms of the spectral function ρ+B(ω
′, µ), the RG-improved factorization
formulas in exclusive B-decays take a particularly simple form. For example, using the
results from [7–9], the form factor relevant for the radiative leptonic B → γ`ν decay in the
heavy-quark limit, can be written as
F (Eγ) = H(Eγ , µ)
∞∫
0
dω′
ω′
j(2Eγωˆ
′, µ) ρ+B(ω
′, µ) . (2.29)
Here H(Eγ , µ) contains the hard-matching coefficients from QCD onto SCET and HQET,
and satisfies the RG equation
dH(Eγ , µ)
d lnµ
=
[
Γcusp(αs) ln
2Eγ
µ
− γh(αs)
]
H(Eγ , µ) , (2.30)
and j(s′, µ) is the hard-collinear function which has a perturbative expansion
j(s′, µ) = 1 +
αsCF
4pi
(
ln2
s′
µ2
− 1− pi
2
6
)
+ . . . (2.31)
and obeys the simple RG equation
dj(s′, µ)
d lnµ
= −
[
Γcusp(αs) ln
s′
µ2
+ γhc(αs)
]
j(s′, µ) , (2.32)
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with γhc = O(α2s). Notice that the hard-collinear function in dual space depends on ωˆ′ via
the combination ln(2Eγωˆ
′/µ2), where ωˆ′ is defined in (2.16). The resulting form factor is
RG-invariant, dF (Eγ)/d lnµ = 0 , when (γh + γhc + γ+) = 0, which has been checked at
one-loop accuracy. The RG-improved factorization formula for the form factor can thus be
written as
F (Eγ) =
[
eVh(µ,µh)
(
µh
2Eγ
)−g(µ,µh)
H(Eγ , µh)
]
×
∞∫
0
dω′
ω′
[
e−2Vhc(µ,µhc)
(
µ2hc
2Eγωˆ′
)g(µ,µhc)
j(2Eγωˆ
′, µhc)
]
×
[
eV (µ,µ0)
(µ0
ωˆ′
)−g(µ,µ0)
ρ+B(ω
′, µ0)
]
, (2.33)
where the evolution factor for the hard coefficient, Vh(µ, µh), is defined as V (µ, µ0) in (2.11)
with γ+ replaced by γh, and similarly for Vhc(µ, µhc) with γ+ replaced by γhc. Here, µhc
has to be chosen as a hard-collinear scale of order
√
2Eγ〈ωˆ′〉, and µh is the hard scale of
order mb ∼ 2Eγ .6
2.2 Construction from Momentum Space
As the second main subject of this paper, we are now going to present a general frame-
work to construct momentum-space projectors from “on-shell wave functions” with definite
relations to the LCDAs as defined above.
2.2.1 2-Particle Wave Functions
An alternative method to construct momentum-space projectors that obey the WW re-
lations starts from a generic Dirac matrix (with the correct behaviour under space-time
transformations as defined by the hadronic bound state) that can be constructed from
on-shell momenta (kµ with k2 = 0 for the light anti-quark, and mbv
µ with v2 = 1 for the
heavy quark),
M(2)B (v, k) = −
if˜BmB
4
[(1 + /v) /k γ5] ψB(2 v · k) , (2.34)
and that also fulfills the free Dirac equations for both constituents,
(/v − 1)M(2)B =M(2)B /k = 0 . (2.35)
The interpretation as a wave function for a 2-particle Fock state requires to consider a
particular gauge, in this case light-cone gauge with n−A(x) = 0. We define a Lorentz-
invariant integration measure d˜k for an on-shell massless particle, for which we can choose
6For simplicity, we do not disentangle the matching and running for the B-meson decay constant in
HQET.
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a representation that reflects the light-cone kinematics of a hard-scattering process (with
the azimuthal angle in the transverse plane integrated out),
d˜k := d|k⊥|2 dω
ω
=
d3k
pi v · k , with k
µ = ω
nµ+
2
+ kµ⊥ +
|k⊥|2
ω
nµ−
2
. (2.36)
To make contact with the general definition of LCDAs, we consider the convolution with
a hard-scattering kernel that is at most linear in k⊥, and obtain∫
d˜k tr
[(
T0(ω) + k
µ
⊥Tµ(ω)
)M(2)B (v, k)]
=− if˜BmB
4
tr
[∫
dω T0(ω)
∫
d|k2⊥|ψB(x)
1 + /v
2
(
/n+ +
|k⊥|2
ω2
/n−
)
γ5
]
− if˜BmB
4
tr
[∫
dω Tµ(ω)
∫
d|k2⊥|ψB(x)
1 + /v
2
(
−|k⊥|
2
ω
γµ⊥
)
γ5
]
, (2.37)
with x = 2 v · k = ω + |k⊥|2/ω. Comparison with (2.4) implies
φ+B(ω) =
∫ ∞
0
d|k2⊥|ψB(x) = ω
∫ ∞
ω
dxψB(x) ,
φ−B(ω) =
∫ ∞
0
d|k2⊥|
|k⊥|2
ω2
ψB(x) =
∫ ∞
ω
dx (x− ω)ψB(x) , (2.38)
together with ∫ ω
0
dη
(
φ−B(η)− φ+B(η)
)
= ω
∫ ∞
ω
dx (x− ω)ψB(x) = ω φ−B(ω) , (2.39)
which is in line with the WW relations. Interestingly, in this approximation, the LCDAs
φ+B(ω) and φ
−
B(ω) can be obtained by simple k⊥-integrals of a light-cone wave func-
tion ψB(x) (in particular, this procedure could be used to match calculations in the kT -
factorization approach [21–23] to collinear QCD factorization at tree level). Notice that
in the WW approximation the wave function ψB(x) can be reconstructed from φ
+
B(ω) or
φ−B(ω) as follows,
ψB(x) =
φ+B(x)
x2
− 1
x
dφ+B(x)
dx
=
d2φ−B(x)
dx2
(WW) . (2.40)
This also implies that the RG evolution for ψB(x, µ) can be easily obtained from that of
ρ+B(x, µ) as in (2.17),
ψB(x, µ) =
1
x
∫ ∞
0
dω′
ω′
1
ω′
J2
(
2
√
x
ω′
)
ρ+B(ω
′, µ) . (2.41)
Using that
ρ+B(ω
′, µ) =
∫ ∞
0
dω
√
ω
ω′
J1
(
2
√
ω
ω′
) ∫ ∞
ω
dxψB(x, µ)
=
∫ ∞
0
dxxJ2
(
2
√
x
ω′
)
ψB(x, µ) , (2.42)
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we obtain an explicit solution for the RG evolution of the wave function ψB(x, µ),
ψB(x, µ) = e
V
∫ ∞
0
dω′
ω′
∫ ∞
0
dx′
x′
xω′
(µ0
ωˆ′
)−g
× J2
(
2
√
x
ω′
)
J2
(
2
√
x′
ω′
)
ψB(x
′, µ0) , (2.43)
which is similar to the one for the LCDA φ+B(ω, µ) in (2.19). We stress that the scale
dependence of ψB(x, µ), according to our definition, follows directly from the renormaliza-
tion of the LCDAs. In the kT -factorization approach, the RG properties of the transverse-
momentum-dependent wave functions will in general be different, depending on the exact
definition of the gauge-link operator beyond the collinear limit (we refer to [40] for more
detailed discussions). The ansatz for the momentum-space projector is thus consistent with
the RG behaviour (within the WW approximation).
As an example, exponentially decreasing LCDAs – which are often used in phenomeno-
logical applications – can be obtained from the model
ψB(x)→ e
−x/ω0
ω30
⇔ φ+B(ω)→
ω e−ω/ω0
ω20
, φ−B(ω)→
e−ω/ω0
ω0
. (2.44)
They correspond to a spectral function
ρ+B(ω
′) = ρ−B(ω
′)→ e
−ω0/ω′
ω′
. (2.45)
Note that the spectral function ρ+B(ω
′) shows dual behaviour compared to the function
φ+B(ω), i.e. it is exponentially suppressed at small values of ω
′ and vanishes linearly with
1/ω′ for ω′ →∞, whereas φ+B(ω) decreases linearly at small ω and vanishes exponentially
for ω →∞.
For comparison, a free parton picture with v · k = MB − mb = Λ¯ (cf. [25]) would
correspond to
ψB(x)→ δ(x− 2Λ¯)
2Λ¯2
⇔ φ+B(ω)→
ω
2Λ¯2
θ(2Λ¯− ω) , φ−B(ω)→
2Λ¯− ω
2Λ¯2
θ(2Λ¯− ω) ,
(2.46)
with a spectral function
ρ+B(ω
′) = ρ−B(ω
′)→ 1
Λ¯
J2
(
2
√
2Λ¯
ω′
)
. (2.47)
Numerical examples for the two models with a sample RG evolution are plotted in
Fig. 1. As expected, the RG evolution tends to “wash out” the differences between the
shapes of the input functions at higher scales. In particular, the LCDA of the free parton
model has become a smooth function after RG evolution (the oscillatory behaviour of ρ+B
at small values of ω′ is a relic from the singular behaviour of ρ+B at ω
′ = 2Λ¯).
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Figure 1. Left: exponential model from (2.44) showing the LCDAs φ+B(ω) (top), φ
−
B(ω) (center)
and the spectral function ρ+B(ω
′) (bottom), using µ0 = 1 GeV and ω0 = 0.3 GeV as input (solid
line) and evolving to another scale corresponding to g = 0.3 (dashed line) and neglecting the overall
factor eV−2γEg for simplicity. Right: the same for the free parton model (2.46) with Λ¯ = 0.3 GeV.
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2.2.2 Corrections to Wandzura-Wilczek Relation
Corrections to the WW approximation can be incorporated by abandoning the constraint
M(2)B /k = 0 from the light quark’s Dirac equation. We thus write a more general ansatz,
M(2)B (v, k) = −
if˜BmB
4
[(1 + /v) {/k ψB1(x) + xψB2(x)} γ5] . (2.48)
Considering again the convolution with an appropriate hard-scattering kernel, one has∫
d˜k tr
[(
T0(ω) + k
µ
⊥Tµ(ω)
)M(2)B (v, k)]
=− if˜BmB
4
tr
[∫
dω T0(ω)
∫
dxψB1(x)
1 + /v
2
(
ω/n+ + (x− ω) /n−
)
γ5
]
− if˜BmB
4
tr
[∫
dω T0(ω)
∫
dxψB2(x)
1 + /v
2
(
x /n+ + x /n−
)
γ5
]
− if˜BmB
4
tr
[∫
dω Tµ(ω)
∫
dxψB1(x)
1 + /v
2
(−ω (x− ω) γµ⊥) γ5] . (2.49)
The LCDAs for this ansatz follow as
φ+B(ω) =
∫ ∞
ω
dx {ω ψB1(x) + xψB2(x)} ,
φ−B(ω) =
∫ ∞
ω
dx {(x− ω)ψB1(x) + xψB2(x)} , (2.50)
together with
ω φ−B(ω)−
∫ ω
0
dη
(
φ−B(η)− φ+B(η)
)
= ω
∫ ∞
ω
dxxψB2(x) . (2.51)
The wave function ψB2(x) can thus be reconstructed from integrals of the 3-particle LCDAs
(ΨA −ΨV ) using (2.6), and vice versa.
2.2.3 Higher Fock States
Our formalism can also be applied to construct on-shell wave functions for higher Fock
states. As an example, we will consider the quark-antiquark-gluon contribution in the WW
approximation. We recall that the partonic Fock-state interpretation refers to light-cone
gauge n−A(x) = 0, which we will assume in the following. For the 3-particle contributions,
it is for practical purposes often sufficient to consider convolutions with a hard-scattering
kernel that does not depend on any transverse momenta. To keep the discussion simple,
we will therefore focus on the strict collinear limit, i.e. we will assume a corresponding
hard-scattering kernel without the linear terms in partonic transverse momenta.
The conventional definition of 3-particle LCDAs starts from the position-space matrix
element [25] (see also [41, 42])
zν 〈0|q¯β(z) [z, uz] gGµν(uz) [uz, 0]hαv (0)|B¯(v)〉
=
f˜BmB
2
[
1 + /v
2
{
(vµ/z − tγµ) (Ψ˜A(t, u)− Ψ˜V (t, u))
−iσµνzνΨ˜V (t, u)− zµX˜A(t, u) + z
µ
t
/zY˜A(t, u)
}
γ5
]αβ
, (2.52)
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with t = v · z. In order to relate this representation to the wave-function approach, we
need the momentum-space projector corresponding to the non-local matrix element
〈0|q¯β(z) g Aµ(uz)hαv (0)|B¯(v)〉 (2.53)
in light-cone gauge. In the collinear approximation, we further have zµ = τnµ−, such that
t = τ in a frame7 where (v · n−) = 1. We then obtain
M(3)B µ(v, ω, ξ) = −
i
ξ
f˜BmB
2
[
1 + /v
2
{
(nµ−/n− − nµ− − γµ⊥)
(
ΨA(ω, ξ)−ΨV (ω, ξ)
)
+(nµ−/n− − nµ− + γµ⊥/n−)ΨV (ω, ξ)− nµ−XA(ω, ξ) + nµ−/n−YA(ω, ξ)
}
γ5
]
, (2.54)
where we introduced the Fourier-transformed LCDAs
ΨA(ω, ξ) =
∫
dτ
2pi
∫
du
2pi
τ ei(ω+ξu)τ Ψ˜A(τ, u) , etc. (2.55)
Proceeding in analogy to the 2-particle construction, we may formulate an equivalent rep-
resentation of the momentum-space projector starting from on-shell momenta for the Fock-
state components (kµ with k2 = 0 for the light anti-quark, lµ with l2 = 0 for the gluon, and
mbv
µ with v2 = 1 for the heavy quark). The most general ansatz that fulfills the equations
of motion for all constituents,
(/v − 1)M(3)B µ =M(3)B µ /k =M(3)B µ lµ = 0 , (2.56)
is given by
M(3)B µ(v, k, l) = −i
f˜BmB
2
(1 + /v)
{
ykµΦ1(x, y) + xl
µΦ2(x, y) + x
(
yγµ − 2vµ/l)Φ3(x, y)
+ kµ/lΦ4(x, y) + l
µ/lΦ5(x, y) + x
(
γµ/l − /lγµ)Φ6(x, y)} /kγ5 .
(2.57)
In general, the wave functions Φi depend on three invariants, x = 2 v · k, y = 2 v · l
and z = 2 k · l, but in the above decomposition we have neglected the invariant mass
of the antiquark-gluon subsystem, z = (k + l)2 ' 0, for simplicity, which is based on the
assumption that the wave functions only depend on the total invariant mass of the partonic
configuration, (mbv + k + l)
2 ' m2b +mb(x+ y). Writing
kµ = ω
nµ+
2
+ kµ⊥ +
|k⊥|2
ω
nµ−
2
, lµ = ξ
nµ+
2
+ lµ⊥ +
|l⊥|2
ξ
nµ−
2
, (2.58)
which implies x = ω + |k⊥|2/ω and y = ξ + |l⊥|2/ξ, we may neglect any odd powers of k⊥
and l⊥ in the transverse-momentum integrals with a hard-scattering kernel. In light-cone
7In Appendix A.2, we show the result for a general Lorentz frame.
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coordinates, the momentum-space projector (2.57) may then be rewritten in terms of six
independent structures, which we choose as
nµ− , n
µ
+ , γ
µ
⊥ , n
µ
−/n− , n
µ
+/n− , γ
µ
⊥/n− . (2.59)
The light-cone gauge condition, M(3)B µ n−µ = 0, further eliminates the nµ+ and nµ+/n−
structures (we use these constraints to determine Φ1 and Φ4). The remaining four Lorentz
structures are of the form (2.54), and we can read off
ΨA(ω, ξ)−ΨV (ω, ξ) = ξ
∫ ∞
ω
dx
∫ ∞
ξ
dy
{
ξ(ω − x)xΦ2(x, y) + 2
(
ωy − ξ(ω − x))xΦ3(x, y)
+ ξ
(
(ω − x)ξ + (ξ − y)ω)Φ5(x, y) + 2((ω − x)ξ + 2(ξ − y)ω)xΦ6(x, y)} ,
ΨV (ω, ξ) =
ξ
2
∫ ∞
ω
dx
∫ ∞
ξ
dy
{
2x(x(y − 2ξ) + 2ω(ξ − y)) Φ3(x, y)
+ ξ(ω(3y − 4ξ) + x(3ξ − 2y)) Φ5(x, y) + 4xω(y − ξ) Φ6(x, y)
}
,
ΨA(ω, ξ) +XA(ω, ξ) = ξ
∫ ∞
ω
dx
∫ ∞
ξ
dy
{
x(ξx− yω) Φ2(x, y)− (y − ξ)(yω − ξx) Φ5(x, y)
+ 2x
(
ξ(x− ω) + ω(y − ξ)) (Φ3(x, y)− Φ6(x, y))} ,
ΨA(ω, ξ) + YA(ω, ξ) = − ξ
2ω
∫ ∞
ω
dx
∫ ∞
ξ
dy
{
x(x− 2ω)(ξx− yω) Φ2(x, y)
+
(
ξx− yω)2 Φ5(x, y)− 2x2(ξ(x− ω) + ω(y − ξ)) (Φ3(x, y)− Φ6(x, y))} .
(2.60)
In the collinear approximation, the four 3-particle LCDAs ΨA,ΨV , XA and YA can thus be
expressed through four independent on-shell wave functions.
3 Λb–Baryons
3.1 Light-Cone Distribution Amplitudes
Light-cone distribution amplitudes for Λb-baryons in HQET have been classified in [26] (for
related work, see also [28]). They contain the hadronic information entering factorization
theorems for exclusive Λb transitions in the heavy-quark limit (see e.g. [27, 43]). In this
work, we will focus on the LCDAs related to the leading 3-particle operators [26] (gauge-
links are understood implicitly, but not shown for simplicity),
abc 〈0|
(
ua(τ1n−)Cγ5 /n− d
b(τ2n−)
)
hcv(0)|Λb(v, s)〉 = f (2)Λb φ˜2(τ1, τ2)uΛb(v, s) ,
abc 〈0|
(
ua(τ1n−)Cγ5 /n+ d
b(τ2n−)
)
hcv(0)|Λb(v, s)〉 = f (2)Λb φ˜4(τ1, τ2)uΛb(v, s) , (3.1)
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for the chiral-odd part (i.e. with an odd number of Dirac matrices in the light-diquark
current), and
abc 〈0|
(
ua(τ1n−)Cγ5 db(τ2n−)
)
hcv(0)|Λb(v, s)〉 = f (1)Λb φ˜s3(τ1, τ2)uΛb(v, s) ,
abc 〈0|
(
ua(τ1n−)Cγ5 iσµνn
µ
+n
ν
− d
b(τ2n−)
)
hcv(0)|Λb(v, s)〉 = 2 f (1)Λb φ˜σ3 (τ1, τ2)uΛb(v, s) ,
(3.2)
for the chiral-even part. Here uΛb(v, s) denotes the on-shell Dirac spinor for the Λb-baryon,
and the prefactors f
(1,2)
Λb
are defined by the normalization of the matrix elements of the
corresponding local operators in HQET at a given renormalization scale.
3.1.1 Light-Cone Projectors for 3-Particle Fock State
The above definitions can be cast into a manifestly Lorentz-invariant form by defining the
most general non-local matrix elements in coordinate space as [27]
abc 〈0|
(
uaα(z1) d
b
β(z2)
)
hcv(0)|Λb(v, s)〉
≡1
4
{
f
(1)
Λb
[
M˜ (1)(v, z1, z2)γ5C
T
]
βα
+ f
(2)
Λb
[
M˜ (2)(v, z1, z2)γ5C
T
]
βα
}
uΛb(v, s) , (3.3)
with a part that contains an odd number of Dirac matrices (ti = v · zi),
M˜ (2)(v, z1, z2) = /v Φ˜2(t1, t2, z
2
1 , z
2
2 , z1 · z2) +
Φ˜X(t1, t2, z
2
1 , z
2
2 , z1 · z2)
4t1t2
(/z2/v/z1 − /z1/v/z2)
+
Φ˜
(i)
42 (t1, t2, z
2
1 , z
2
2 , z1 · z2)
2t1
/z1 +
Φ˜
(ii)
42 (t1, t2, z
2
1 , z
2
2 , z1 · z2)
2t2
/z2 ,
(3.4)
and a part that contains an even number of Dirac matrices,
M˜ (1)(v, z1, z2) = Φ˜
(0)
3 (t1, t2, z
2
1 , z
2
2 , z1 · z2) +
Φ˜Y (t1, t2, z
2
1 , z
2
2 , z1 · z2)
4t1t2
(/z2/z1 − /z1/z2)
+
Φ˜
(i)
3 (t1, t2, z
2
1 , z
2
2 , z1 · z2)
2t1
/v/z1 +
Φ˜
(ii)
3 (t1, t2, z
2
1 , z
2
2 , z1 · z2)
2t2
/z2/v .
(3.5)
Considering isospin invariance for the light-quark fields (exchanging z1 ↔ z2 and taking
care of the charge-conjugation properties of the Dirac matrices), one obtains the following
relations between the individual functions,
Φ˜2(t1, t2, z
2
1 , z
2
2 , z1 · z2) = Φ˜2(t2, t1, z22 , z21 , z1 · z2) ,
Φ˜
(i)
42 (t1, t2, z
2
1 , z
2
2 , z1 · z2) = Φ˜(ii)42 (t2, t1, z22 , z21 , z1 · z2) ,
Φ˜X(t1, t2, z
2
1 , z
2
2 , z1 · z2) = Φ˜X(t2, t1, z22 , z21 , z1 · z2) , (3.6)
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and
Φ˜
(0)
3 (t1, t2, z
2
1 , z
2
2 , z1 · z2) = Φ˜(0)3 (t2, t1, z22 , z21 , z1 · z2) ,
Φ˜
(i)
3 (t1, t2, z
2
1 , z
2
2 , z1 · z2) = Φ˜(ii)3 (t2, t1, z22 , z21 , z1 · z2) ,
Φ˜Y (t1, t2, z
2
1 , z
2
2 , z1 · z2) = Φ˜Y (t2, t1, z22 , z21 , z1 · z2) . (3.7)
3.1.2 The Chiral-Odd Projector M˜ (2)
In the same way as we argued for B-mesons, we may again expand the arguments z1 and
z2 around the light-cone, such that (n−zi)  z⊥i  (n+zi), to obtain the projector in
coordinate-space as
M˜ (2)(v, z1, z2) −→ /n+
2
φ˜2(τ1, τ2) +
/n−
2
(
φ˜2(τ1, τ2) + φ˜
(i)
42 (τ1, τ2) + φ˜
(ii)
42 (τ1, τ2)
)
+
φ˜
(i)
42 (τ1, τ2)
2τ1
/z⊥1 +
φ˜
(ii)
42 (τ1, τ2)
2τ2
/z⊥2
+ φ˜X(τ1, τ2)
(
/z⊥1
2τ1
− /z
⊥
2
2τ2
)(
/n−/n+
4
− /n+/n−
4
)
+O(z2i⊥, n−zi) . (3.8)
Here again we denote with τi =
n+zi
2 the Fourier-conjugate variables to the momentum
components ωi = (n−ki) of the associated light-quark states in the heavy baryon, such
that
φ2(ω1, ω2) ≡
∫
dτ1
2pi
eiω1τ1
∫
dτ2
2pi
eiω2τ2 φ˜2(τ1, τ2) etc. (3.9)
Comparison with the definition in (3.1) yields the relation
φ˜
(i)
42 (τ1, τ2) + φ˜
(ii)
42 (τ1, τ2) = φ˜4(τ1, τ2)− φ˜2(τ1, τ2) , (3.10)
while the asymmetric combination of φ˜
(i)
42 and φ˜
(ii)
42 , as well as φ˜X do not contribute in
the collinear limit z2i → 0. After Fourier transformation, the general momentum-space
representation for (3.8) including the first-order terms off the light-cone becomes
M (2)(ω1, ω2) =
/n+
2
φ2(ω1, ω2) +
/n−
2
φ4(ω1, ω2)
− 1
2
γ⊥µ
∫ ω1
0
dη1
(
φ
(i)
42 (η1, ω2)− φX(η1, ω2)
) /n+/n−
4
∂
∂k⊥1µ
− 1
2
γ⊥µ
∫ ω1
0
dη1
(
φ
(i)
42 (η1, ω2) + φX(η1, ω2)
) /n−/n+
4
∂
∂k⊥1µ
− 1
2
γ⊥µ
∫ ω2
0
dη2
(
φ
(ii)
42 (ω1, η2)− φX(ω1, η2)
) /n−/n+
4
∂
∂k⊥2µ
− 1
2
γ⊥µ
∫ ω2
0
dη2
(
φ
(ii)
42 (ω1, η2) + φX(ω1, η2)
) /n+/n−
4
∂
∂k⊥2µ
. (3.11)
Compared to the mesonic analogue, we observe that a larger number of independent terms
that are sensitive to the transverse momenta of the light quarks in the hard-scattering
kernel appear.
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3.1.3 The Chiral-Even Projector M˜ (1)
Similarly, for the chiral-even projector we obtain the expansion around the collinear limit
as
M˜ (1)(v, z1, z2) −→ φ˜(0)3 (τ1, τ2) + φ˜(i)3 (τ1, τ2)
/n+/n−
4
+ φ˜
(ii)
3 (τ1, τ2)
/n−/n+
4
+ φ˜
(i)
3 (τ1, τ2)
/v/z⊥1
2τ1
+ φ˜
(ii)
3 (τ1, τ2)
/z⊥2 /v
2τ2
+ φ˜Y (τ1, τ2)
(
/z⊥2 /n−
2τ2
+
/n−/z⊥1
2τ1
)
+O(z2i⊥, n−zi) , (3.12)
where now from the comparison with (3.2) one has the relations
φ˜s3(τ1, τ2) =
2φ˜
(0)
3 (τ1, τ2) + φ˜
(i)
3 (τ1, τ2) + φ˜
(ii)
3 (τ1, τ2)
2
,
φ˜σ3 (τ1, τ2) =
φ˜
(ii)
3 (τ1, τ2)− φ˜(i)3 (τ1, τ2)
2
. (3.13)
It is sometimes more convenient to define symmetric and antisymmetric combinations of
the functions φs3 and φ
σ
3 which will be denoted as [26]
φ˜+−3 (τ1, τ2) = 2
(
φ˜s3(τ1, τ2) + φ˜
σ
3 (τ1, τ2)
)
= 2
(
φ˜
(0)
3 (τ1, τ2) + φ˜
(ii)
3 (τ1, τ2)
)
,
φ˜−+3 (τ1, τ2) = 2
(
φ˜s3(τ1, τ2)− φ˜σ3 (τ1, τ2)
)
= 2
(
φ˜
(0)
3 (τ1, τ2) + φ˜
(i)
3 (τ1, τ2)
)
. (3.14)
The expansion of the corresponding momentum-space projector then takes the general form
M (1)(ω1, ω2) =
/n−/n+
8
φ+−3 (ω1, ω2) +
/n+/n−
8
φ−+3 (ω1, ω2)
− 1
2
∫ ω1
0
dη1 φ
(i)
3 (η1, ω2) /v γ
⊥
µ
∂
∂k⊥1µ
− 1
2
∫ ω2
0
dη2 φ
(ii)
3 (ω1, η2) γ
⊥
µ /v
∂
∂k⊥2µ
− 1
2
∫ ω1
0
dη1 φY (η1, ω2) /n−γ⊥µ
∂
∂k⊥1µ
− 1
2
∫ ω2
0
dη2 φY (ω1, η2) γ
⊥
µ /n−
∂
∂k⊥2µ
.
(3.15)
Again, in the general case, it involves four independent structures related to transverse
momenta of the light quarks.
3.1.4 Wandzura-Wilczek Approximation
In the WW approximation, the matrices M˜ (1,2)(z1, z2) fulfill the equations of motion for
free quark fields,
γµ i∂
µ
2 M˜
(1,2)(v, z1, z2) = i∂
µ
1 M˜
(1,2)(v, z1, z2) γµ = 0 , (3.16)
which translates into differential equations for the LCDAs in the collinear limit. These can
be obtained by expanding the above equations around the light-cone, and solving for the
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derivatives with respect to the arguments (z2i , z1 · z2) off the light cone. Alternatively, one
can start from the expanded form of M˜ (1,2) and consider the projected equations
/n+/n−
4
γµ i∂
µ
2 M˜
(1,2)(v, z1, z2)
∣∣
z⊥1,2=0
= i∂µ1 M˜
(1,2)(v, z1, z2) γµ
/n−/n+
4
∣∣
z⊥1,2=0
= 0 . (3.17)
In both cases, this yields the following WW relations for the LCDAs in M˜ (2),
φ˜
(i)
42 (τ1, τ2) + φ˜X(τ1, τ2) + τ1
∂
∂τ1
φ˜4(τ1, τ2) = 0 ,
φ˜
(ii)
42 (τ1, τ2) + φ˜X(τ1, τ2) + τ2
∂
∂τ2
φ˜4(τ1, τ2) = 0 . (3.18)
For the Fourier-transformed LCDAs this implies
φ
(i)
42 (ω1, ω2) + φX(ω1, ω2)−
∂
∂ω1
(ω1 φ4(ω1, ω2)) = 0 ,
φ
(ii)
42 (ω1, ω2) + φX(ω1, ω2)−
∂
∂ω2
(ω2 φ4(ω1, ω2)) = 0 . (3.19)
Equivalently, by considering linear combinations of the above, the following relations hold
φ
(i)
42 (ω1, ω2)− φ(ii)42 (ω1, ω2) =
∂
∂ω1
(ω1 φ4(ω1, ω2))− ∂
∂ω2
(ω2 φ4(ω1, ω2)) ,
2φX(ω1, ω2) + φ4(ω1, ω2)− φ2(ω1, ω2) = ∂
∂ω1
(ω1 φ4(ω1, ω2)) +
∂
∂ω2
(ω2 φ4(ω1, ω2)) .
(3.20)
This reveals that, once the functions φ2 and φ4 – which are the relevant LCDAs in the
collinear limit – are given, the function φX and the asymmetric combination of φ
(i,ii)
42 can
be calculated from the WW approximation.
In a similar way, for the LCDAs in M˜ (1) we obtain the relations
φ˜
(i)
3 (τ1, τ2) + τ1
∂
∂τ1
(
φ˜
(0)
3 (τ1, τ2) + φ˜
(i)
3 (τ1, τ2)
)
= 0 ,
φ˜
(ii)
3 (τ1, τ2) + τ2
∂
∂τ2
(
φ˜
(0)
3 (τ1, τ2) + φ˜
(ii)
3 (τ1, τ2)
)
= 0 , (3.21)
or, in momentum space,
φ
(i)
3 (ω1, ω2)−
∂
∂ω1
(
ω1 φ
(0)
3 (ω1, ω2) + ω1 φ
(i)
3 (ω1, ω2)
)
= 0 ,
φ
(ii)
3 (ω1, ω2)−
∂
∂ω2
(
ω2 φ
(0)
3 (ω1, ω2) + ω2 φ
(ii)
3 (ω1, ω2)
)
= 0 . (3.22)
Notice that in this case, the function φY does not appear in the WW relations, and therefore
remains independent, whereas the functions φ+−3 and φ
−+
3 that are relevant in the collinear
limit are related by
−ω1 ∂
∂ω1
φ−+3 (ω1, ω2) = −ω2
∂
∂ω2
φ+−3 (ω1, ω2) = 2φ
(0)
3 (ω1, ω2) . (3.23)
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3.2 Construction from Momentum Space
We are now going to apply the same formalism that we have developed for B-mesons to
construct momentum-space projectors for Λb-baryons from 3-particle wave functions. To
keep the discussion simple, we will ignore corrections to the WW relation in the rest of the
paper. The most general form of the momentum-space projectors can then be written as
M (1)(v, k1, k2) = ψ˜s(x1, x2,K
2) /k2 /k1 , M
(2)(v, k1, k2) = ψ˜v(x1, x2,K
2) /k2 /v /k1 , (3.24)
with xi = 2 v · ki and K2 = (k1 + k2)2 and two independent wave functions ψs and
ψv. The equations of motion, /k2M
(1,2)(v, k1, k2) = M
(1,2)(v, k1, k2)/k1 = 0, are again
trivially fulfilled for on-shell quarks, k2i = 0. On the other hand, the invariant mass of
the diquark system – in principle – can be arbitrary, K2 6= 0. For simplicity, we will
ignore the potential K2 dependence, which would correspond to the case where the wave
function only depends on the total invariant mass of the three quarks in the Λb-baryon,
(mbv + k1 + k2)
2 ' m2b +mb(x1 + x2).
3.2.1 The Chiral-Odd Projector M (2)
To compare with the general definition of LCDAs, we again consider the convolution with
a hard-scattering kernel that is at most linear in ki⊥. For the chiral-odd projector M (2),
we obtain∫
d˜k1
∫
d˜k2 tr
[(
T0(ω1, ω2) + k
µ
i⊥T
i
µ(ω1, ω2)
)
M (2)(v, k1, k2)
]
=
∫
dω1 dω2
∞∫
ω1
dx1
∞∫
ω2
dx2
{
tr
[
T0(ω1, ω2)
(
ω1ω2
/n+
2
+ (x1 − ω1)(x2 − ω2) /n−
2
)]
− tr
[
T 1µ(ω1, ω2)
(
ω1ω2(x1 − ω1) /n+/n−
4
+ ω1(x1 − ω1)(x2 − ω2) /n−/n+
4
)
γµ⊥
2
]
− tr
[
T 2µ(ω1, ω2)
γµ⊥
2
(
ω1ω2(x2 − ω2) /n−/n+
4
+ ω2(x1 − ω1)(x2 − ω2) /n+/n−
4
)]
}
ψv(x1, x2) , (3.25)
where the momentum integrations for the light quarks are defined as in the mesonic case.
Comparison with the momentum-space projector shown in (3.11) above, yields
φ2(ω1, ω2) =
∞∫
ω1
dx1
∞∫
ω2
dx2 ω1ω2 ψv(x1, x2) ,
φ4(ω1, ω2) =
∞∫
ω1
dx1
∞∫
ω2
dx2 (x1 − ω1)(x2 − ω2)ψv(x1, x2) , (3.26)
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together with
φ
(i)
42 (ω1, ω2) =
1
2
∫ ∞
ω1
dx1
∫ ∞
ω2
dx2 x2 (x1 − 2ω1)ψv(x1, x2) ,
φ
(ii)
42 (ω1, ω2) =
1
2
∫ ∞
ω1
dx1
∫ ∞
ω2
dx2 x1 (x2 − 2ω2)ψv(x1, x2) , (3.27)
and
φX(ω1, ω2) =
1
2
∫ ∞
ω1
dx1
∫ ∞
ω2
dx2 (x1 − 2ω1) (x2 − 2ω2)ψv(x1, x2) . (3.28)
It can easily be checked that the LCDAs constructed in this way satisfy the WW relations
as derived above. Notice that our simplified ansatz relates all LCDAs to xi moments of
only two fundamental wave functions ψv (and ψs below). The functional form of ψv can
be reconstructed, for instance, from
ψv(x1, x2) =
d2
dx1 dx2
(
φ2(x1, x2)
x1x2
)
=
d4φ4(x1, x2)
dx21 dx
2
2
(WW) . (3.29)
In a more general ansatz, these relations would be modified by the non-trivialK2-dependence
of the wave functions.
In the simplest case, we could again model the wave functions by assuming an expo-
nential dependence of ψv on (x1 + x2) with a single hadronic parameter ω0 measuring the
average energy of the light quarks,
ψv(x1, x2)→
exp
(
−x1+x2ω0
)
ω60
. (3.30)
This ansatz yields the following exponential model for the various LCDAs defined above,
φ2(ω1, ω2)→ ω1ω2
ω40
e−(ω1+ω2)/ω0 , φ4(ω1, ω2)→ 1
ω20
e−(ω1+ω2)/ω0 , (3.31)
and
φ
(i)
42 (ω1, ω2)→
(ω0 − ω1)(ω0 + ω2)
2ω40
e−(ω1+ω2)/ω0 ,
φ
(ii)
42 (ω1, ω2)→
(ω0 + ω1)(ω0 − ω2)
2ω40
e−(ω1+ω2)/ω0 , (3.32)
and
φX(ω1, ω2)→ (ω0 − ω1)(ω0 − ω2)
2ω40
e−(ω1+ω2)/ω0 . (3.33)
with
φ
(i)
42 (ω1, ω2)− φ(ii)42 (ω1, ω2)→
ω2 − ω1
ω30
e−(ω1+ω2)/ω0 . (3.34)
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For comparison, an alternative model based on a free parton picture with the constraint
x1 + x2 = 2Λ¯ = MΛb −mb would correspond to a wave function
ψv(x1, x2)→ 15
4 Λ¯5
δ(x1 + x2 − 2Λ¯) . (3.35)
From this, our construction immediately yield the corresponding expressions for the LCDAs
in terms of θ-functions,
φ2(ω1, ω2)→ 15ω1 ω2 (2Λ¯− ω1 − ω2)
4Λ¯5
θ(2Λ¯− ω1 − ω2) ,
φ4(ω1, ω2)→ 5 (2Λ¯− ω1 − ω2)
3
8Λ¯5
θ(2Λ¯− ω1 − ω2) , etc. (3.36)
To illustrate these model results, we compare the LCDA φ2(ω1, ω2) following from the
exponential ansatz in (3.31), the free-parton approximation (3.36) and the model from
Eq. (38) in [26]. For that purpose, we disentangle the dependence on the total light-
cone momentum ω and the momentum fractions u of the light quarks by considering the
projections
h2(ω) := ω
∫ 1
0
duφ2(uω, u¯ω) =

ω3
6ω40
e−ω/ω0 (3.31) with ω0 = 2Λ¯5 = 0.4 GeV
ω3
640
e−ω/0 [26] with 0 = 0.2 GeV
5ω3 (2Λ¯−ω)
8Λ¯5
θ(2Λ¯− ω) (3.36) with Λ¯ = 1 GeV
(3.37)
and
g2(u) :=
∫ ∞
0
dω φ2(uω, u¯ω) =

2uu¯
ω0
(3.31) with ω0 = 0.4 GeV
uu¯
(
2
0
+
3a2(5(u−u¯)2−1)
1
)
[26] with

0 = 0.2 GeV
1 = 0.65 GeV
a2 = 1/3
5uu¯
Λ¯
(3.36) with Λ¯ = 1 GeV
(3.38)
The parameter ω0 in the first case has been related to the value of Λ¯ in the third case,
such that the 〈ω−1〉 moment of h2 is identical in both cases. Notice that the two models
for the LCDA φ2 which are based on a wave function ψv that only depends on the sum of
the light-quark energies, lead to
ψv = ψv(x1 + x2) ⇔ φ2(uω, u¯ω) ∝ uu¯ . (3.39)
In contrast, the model in [26] takes into account a non-trivial shape from the next-to-
leading term in a Gegenbauer expansion. That model also prefers a smaller value for the
parameter 0 and a corresponding larger value for the inverse moment 〈ω−1〉 than in the
other two models. The numerical comparison between the three models is shown in Fig. 2.
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Figure 2. The functions h2(ω) (left) and g2(u) (right) for different models of the LCDA φ2(ω1, ω2).
Solid lines correspond to the model (3.31), dashed lines to (3.36) and light-dotted lines to [26] (in
the right figure the dashed line is on top of the solid line).
3.2.2 The Chiral-Even Projector M (1)
For the chiral-even projector M (1), we again consider the convolution with a hard-scattering
kernel, and obtain∫
d˜k1
∫
d˜k2 tr
[(
T0(ω1, ω2) + k
µ
i⊥T
i
µ(ω1, ω2)
)
M (1)(v, k1, k2)
]
=
∫
dω1 dω2
∞∫
ω1
dx1
∞∫
ω2
dx2
{
tr
[
T0(ω1, ω2)
(
ω2 (x1 − ω1) /n+/n−
4
+ ω1 (x2 − ω2) /n−/n+
4
)]
− tr
[
T 1µ(ω1, ω2)
(
ω1ω2 (x1 − ω1) /n+
2
+ ω1 (x1 − ω1) (x2 − ω2) /n−
2
)
γµ⊥
2
]
− tr
[
T 2µ(ω1, ω2)
γµ⊥
2
(
ω1ω2 (x2 − ω2) /n+
2
+ ω2 (x1 − ω1) (x2 − ω2) /n−
2
)]
}
ψs(x1, x2) . (3.40)
Comparison with the momentum-space expression (3.15) yields
φ−+3 (ω1, ω2) = 2
(
φ
(0)
3 (ω1, ω2) + φ
(i)
3 (ω1, ω2)
)
= 2
∞∫
ω1
dx1
∞∫
ω2
dx2 ω2 (x1 − ω1)ψs(x1, x2) ,
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φ+−3 (ω1, ω2) = 2
(
φ
(0)
3 (ω1, ω2) + φ
(ii)
3 (ω1, ω2)
)
= 2
∞∫
ω1
dx1
∞∫
ω2
dx2 ω1 (x2 − ω2)ψs(x1, x2) ,
(3.41)
and
φ
(0)
3 (ω1, ω2) =
∞∫
ω1
dx1
∞∫
ω2
dx2 ω1ω2 ψs(x1, x2) ,
φY (ω1, ω2) =
1
2
∞∫
ω1
dx1
∞∫
ω2
dx2 (2ω1 − x1) (2ω2 − x2)ψs(x1, x2) . (3.42)
Again, the wave function ψs in our approximation can be reconstructed from
ψs(x1, x2) =
d2
dx1 dx2
(
φ
(0)
3 (x1, x2)
x1x2
)
(WW) . (3.43)
With the exponential model for the wave function, we now obtain
ψs(x1, x2)→
exp
(
−x1+x2ω0
)
ω60
, (3.44)
which yields
φ−+3 (ω1, ω2)→
2ω2
ω30
e−(ω1+ω2)/ω0 , φ+−3 (ω1, ω2)→
2ω1
ω30
e−(ω1+ω2)/ω0 , (3.45)
and
φ
(0)
3 (ω1, ω2)→
ω1ω2
ω40
e−(ω1+ω2)/ω0 ,
φY (ω1, ω2)→ (ω1 − ω0)(ω2 − ω0)
2ω40
e−(ω1+ω2)/ω0 . (3.46)
The free parton picture now yields
φ−+3 (ω1, ω2)→
15ω2 (2Λ¯− ω1 − ω2)2
4 Λ¯5
θ(2Λ¯− ω1 − ω2) ,
φ+−3 (ω1, ω2)→
15ω1 (2Λ¯− ω1 − ω2)2
4 Λ¯5
θ(2Λ¯− ω1 − ω2) , (3.47)
etc.
3.3 Renormalization-Group Evolution
In the following, we will focus on the twist-2 Λb LCDA φ2(ω1, ω2) which enters the leading
terms in factorization theorems for exclusive heavy-to-light decay amplitudes in the heavy-
quark limit, see e.g. [44]. Its one-loop RG equation has been extensively discussed in [26],
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and reads8
dφ2(ω1, ω2, µ)
d lnµ
= −
[
Γcusp(αs) ln
µ√
ω1ω2
+ γ+(αs)
]
φ2(ω1, ω2, µ)
− ω1
2
∫ ∞
0
dη1 Γ+(ω1, η1, αs)φ2(η1, ω2, µ)
− ω2
2
∫ ∞
0
dη2 Γ+(ω2, η2, αs)φ2(ω1, η2, µ)
+
αsCF
2pi
∫ 1
0
dv V ERBL(u, v)φ2(vω, v¯ω, µ) , (3.48)
where ω = ω1 + ω2, and u = 1 − u¯ = ω1/ω, and v¯ = 1 − v. Here the first three lines
correspond to the LN kernel for heavy baryons with the same anomalous dimensions as in
(2.8), whereas the last term is the ERBL kernel [1, 2], which arises from gluon exchange
among the light quarks in the heavy baryon.
3.3.1 Analytic Solution
We follow a similar strategy as for the B-meson LCDA φ+, and as a first step introduce the
logarithmic Fourier transform (which is in almost one-to-one correspondence to the Mellin
moments discussed in [26]),
ϕ2(θ1, θ2, µ) =
∫ ∞
0
dω1
ω1
∫ ∞
0
dω2
ω2
φ2(ω1, ω2, µ)
(
ω1
µ
)−iθ1 (ω2
µ
)−iθ2
. (3.49)
Next, we introduce the ansatz
ϕ2(θ1, θ2, µ) :=
Γ(1− iθ1) Γ(1− iθ2)
Γ(1 + iθ1) Γ(1 + iθ2)
∫ ∞
0
dω′1
ω′1
∫ ∞
0
dω′2
ω′2
ρ2(ω
′
1, ω
′
2, µ)
(
µ
ω′1
)iθ1 ( µ
ω′2
)iθ2
(3.50)
in complete analogy to the mesonic case, such that
φ2(ω1, ω2, µ) =
∫ ∞
0
dω′1
ω′1
∫ ∞
0
dω′2
ω′2
√
ω1ω2
ω′1ω′2
J1
(
2
√
ω1
ω′1
)
J1
(
2
√
ω2
ω′2
)
ρ2(ω
′
1, ω
′
2, µ) . (3.51)
The inverse transformation that expresses the dual spectral function ρ2(ω
′
1, ω
′
2) in terms of
the momentum-space LCDA is then given by
ρ2(ω
′
1, ω
′
2, µ) =
∫ ∞
0
dω1
ω1
∫ ∞
0
dω2
ω2
√
ω1ω2
ω′1ω′2
J1
(
2
√
ω1
ω′1
)
J1
(
2
√
ω2
ω′2
)
φ2(ω1, ω2, µ) . (3.52)
The one-loop RG equation (3.48) can be rewritten for the spectral function ρ2(ω
′
1, ω
′
2) in
a straightforward manner. In the absence of the ERBL kernel, the LN terms alone would
take an analogous factorized form as in the case of the B-meson spectral function ρ+B(ω
′, µ),
dρ2(ω
′
1, ω
′
2, µ)
d lnµ
∣∣∣
LN
=−
[
Γcusp(αs) ln
µ√
ωˆ′1ωˆ′2
+ γ+(αs)
]
ρ2(ω
′
1, ω
′
2, µ) . (3.53)
8With a slight abuse of notation, we write a colour factor CF in the baryon case, although more precisely,
the colour factor arises as 1 + 1/NC which only coincides with CF for NC = 3. It should be noted, however,
that in the LN kernel for NC 6= 3 one has to add up the contributions from (NC − 1) light spectators in a
color singlet baryon, such that the net result in front of Γcusp lnµ would be proportional to CF again.
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In this approximation the RG equation would simply be solved by
ρ2(ω
′
1, ω
′
2, µ)
∣∣∣
LN
= eV
(
µ0√
ωˆ′1ωˆ′2
)−g
ρ2(ω
′
1, ω
′
2, µ0) , (3.54)
with ωˆ′i = e
−2γE ω′i, and the RG functions V and g from (2.11). The derivation of the ERBL
term for the evolution of ρ2(ω
′
1, ω
′
2, µ), however, is more complicated (the details can be
found in Appendix B). Interestingly, the final result takes a simple form when written in
terms of the reduced dual momentum and dual momentum fractions,
ω′r ≡
ω′1ω′2
ω′1 + ω′2
and u′ = 1− u¯′ = ω
′
1
ω′1 + ω′2
. (3.55)
Writing
ρ2(ω
′
1, ω
′
2) ≡ ρˆ2(ω′r, u′) (3.56)
we obtain
dρˆ2(ω
′
r, u
′, µ)
d lnµ
∣∣∣
LN+ERBL
=−
[
Γcusp(αs) ln
µ
√
u′u¯′
ωˆ′r
+ γ+(αs)
]
ρˆ2(ω
′
r, u
′, µ)
+
αsCF
2pi
∫ 1
0
dv′ V ERBL(u′, v′) ρˆ2
(
ω′r, v
′, µ
)
. (3.57)
If we expand the spectral function in terms of Gegenbauer polynomials C
(3/2)
n (2u′ − 1),
which are the eigenfunctions of the ERBL kernel,
ρˆ2(ω
′
r, u
′, µ) :=
∞∑
n=0,2,4,...
u′ u¯′ fn(ω′r, µ)C
(3/2)
n (2u
′ − 1) , (3.58)
the coefficients fn(ω
′
r, µ) satisfy the RG equation
dfn(ω
′
r, µ)
d lnµ
=−
[
Γcusp(αs) ln
µ
ωˆ′r
+ γ+(αs) +
αsCF
4pi
γERBLn
]
fn(ω
′
r, µ)
− Γnm(αs) fm(ω′r, µ) , (3.59)
with γERBLn given in (B.4), and a non-diagonal contribution from the substitution of vari-
ables in the LN kernel, given by
Γnm(αs) = Γcusp(αs)
2(2n+ 3)
(n+ 1)(n+ 2)
1∫
0
du′ u′u¯′ ln(u′u¯′)C(3/2)n (2u
′ − 1)C(3/2)m (2u′ − 1)
= −Γcusp(αs)

5
6
3
10
3
28 · · ·
7
60
473
420
7
18 · · ·
11
420
11
45
16.847
13.860 · · ·
· · · · · · · · · · · ·
 , (3.60)
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where the different lines refer to n = 0, 2, 4, etc and the columns to m = 0, 2, 4, etc. As one
can see, the off-diagonal terms are typically smaller than the diagonal ones, and therefore,
as a first approximation could be neglected. In that case, the particular form of the leading-
twist baryon LCDA in (3.39), which translates into
ρˆ2(ω
′
r, u
′, µ)→ u′ u¯′ f0(ω′r, µ) , (3.61)
and
φ2(ω1, ω2, µ)→ ω1ω2
ω1 + ω2
∫ ∞
0
dω′r
(ω′r)2
√
ω′r
ω1 + ω2
J3
(
2
√
ω1 + ω2
ω′r
)
f0(ω
′
r, µ) , (3.62)
and
ψv(x1 + x2, µ)→ 1
(x1 + x2)5/2
∫ ∞
0
dω′r
1
(ω′r)5/2
J5
(
2
√
x1 + x2
ω′r
)
f0(ω
′
r, µ) , (3.63)
would be stable under evolution. Diagonalizing the r.h.s. of the RG equation, truncated to
a finite number of Gegenbauer coefficients, is now also a straightforward task, which will
be illustrated below. As already discussed in [26] the numerical effect of the ERBL term is
in any case expected to be sub-leading, and for practical applications it should be sufficient
to treat it in an approximate way.
We finally note that the connection between the function φ˜2(τ1, τ2), appearing in the
light-cone matrix elements in coordinate space, and the spectral function ρˆ2(ω
′
r, u
′) in the
baryonic case is given by
ρˆ2(ω
′
r, u
′, µ) =
∫
dτ1
2pi
dτ2
2pi
(
1− exp
[
− iu¯
′
ω′rτ1
])(
1− exp
[
− iu
′
ω′rτ2
])
φ˜2(τ1, τ2, µ) . (3.64)
3.3.2 Numerical Examples and Asymptotic Form
In the following, we study the coefficient functions f0,2(ω
′
r, µ) and their RG behaviour,
starting from different models for the LCDA φ2 defined at some input scale µ0. For a given
LCDA, making use of (C.7) in the Appendix, we find (using ω1 = uω, ω2 = u¯ω)
fn(ω
′
r, µ0) =
4 (2n+ 3)
(n+ 1)(n+ 2)
∞∫
0
dω
ω
√
ω
ω′r
J2n+3
(
2
√
ω
ω′r
) 1∫
0
duC(3/2)n (2u− 1)φ2(uω, u¯ω, µ0)
(3.65)
Notice that the Gegenbauer expansion of the original LCDA φ2(uω, u¯ω) directly translates
to the Gegenbauer expansion of the spectral function ρˆ2(ω
′
r, u
′). For the models discussed
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above (3.37), this leads to
model 1: f0(ω
′
r, µ0) =
1
(ω′r)2
e−ω0/ω
′
r , fn≥2(ω′r, µ0) = 0 ;
model 2: f0(ω
′
r, µ0) =
1
(ω′r)2
e−0/ω
′
r , fn>2(ω
′
r, µ0) = 0 ,
f2(ω
′
r, µ0) =
a2
(ω′r)2
{
e−1/xr(720x5r + 600x
4
r + 240x
3
r + 60x
2
r + 10xr + 1)
+ 120x4r (1− 6xr)
}
, (xr ≡ ω′r/1) ;
model 3: f0(ω
′
r, µ0) =
15
Λ¯2
√
2ω′r
Λ¯
J5
2√2Λ¯
ω′r
 , fn≥2(ω′r, µ0) = 0 . (3.66)
The qualitative behaviour of model 1 and model 3 is similar to what we have discussed
for the corresponding functions in the B-meson case. Notice that the contribution of the
coefficient function f2(ω
′
r) to the spectral function ρˆ2(ω
′
r, u
′) in model 2 is concentrated at
very low values of ω′r, while for generic values of ω′r its contribution is practically negligible.
In order to study systematic deviations from the particular form of ρˆ2(ω
′
r, u
′) in (3.61), it
would therefore be more convenient to define a modified version, for which we propose
model 2’: f0(ω
′
r, µ0) ≡
1
(ω′r)2
e−0/ω
′
r , f2(ω
′
r, µ0) ≡
a2
6
21
(ω′r)4
e−1/ω
′
r , (3.67)
which has the same functional form as model 2 at large ω′r (except for a different normal-
ization) such that the 1/ω′r moment of f2(ω′r) in model 2 and model 2’ coincide. In the
original momentum space, this corresponds to a LCDA
model 2’: φ2(ω1, ω2, µ0) =
ω1ω2
40
e−(ω1+ω2)/0 + a2
ω1ω2
(
ω21 − 3ω1ω2 + ω22
)
61
e−(ω1+ω2)/1 .
(3.68)
Concerning the RG behaviour, we first note that the explicit solution for the functions
f0,2(ω
′
r, µ) in the absence of higher Gegenbauer coefficients reads
f0(ω
′
r, µ) = e
V
(
µ0
ωˆ′r
)−g {
c1 e
0.877g − 0.378 c2 e0.040g
}
,
f2(ω
′
r, µ) = e
V
(
µ0
ωˆ′r
)−g {
0.147 c1 e
0.877g + c2 e
0.040g
}
, (3.69)
where the two integration constants are related to the initial condition of the evolution via
c1 = 0.947 f0(ω
′
r, µ0) + 0.358 f2(ω
′
r, µ0) ,
c2 = −0.139 f0(ω′r, µ0) + 0.947 f2(ω′r, µ0) . (3.70)
In the asymptotic limit, i.e. for large renormalization scales and large values of g, the first
exponential in the curly brackets dominates, and the ratio of the two coefficients approaches
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a constant, f2/f0 ' 0.147. This is illustrated for model 2 and model 2’ in Fig. 3. For both
models, the asymptotic value for f2/f0 is reached
9 for g ∼> 3.
When higher Gegenbauer moments are included, the asymptotic form is similarly
determined by the largest eigenvalue of the RG equation (3.59) after subtracting the
LN terms. We then find that the ratio f2/f0 converges to about 20%, and that the
admixtures of the higher Gegenbauer moments are less important, with f4/f0 ' 9%,
f6/f0 ' 5%, etc. The resulting asymptotic u′-dependence of the spectral function, cor-
responding to the different levels of truncation in the Gegenbauer expansion, is illustrated
in Fig. 4. The functional form that is approached asymptotically is well approximated by
ρˆ2(ω
′
r, u
′, µ) ∝ (u′(1− u′))1/3f0(ω′r, µ).
Figure 3. Numerical examples for the evolution of the ratio of Gegenbauer coefficient functions
f2(ω
′
r, µ)/f0(ω
′
r, µ). Left: for model 2 from [26]. Right: for model 2’, with a2 = 1/3, 0 = 0.2 GeV,
1 = 0.65 GeV, see text. Solid lines: input model at µ0; dashed lines: RG evolution corresponding
to g = 0.3; dotted line: with g = 3.
9In practice, this is limited by the fact that the evolution of the LCDAs within HQET has to be replaced
by the standard QCD evolution above µ ' mb.
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Figure 4. Asymptotic u′-dependence of the spectral function ρˆ2(ω′r, u
′, µ)/f0(ω′r, µ), for different
levels of truncation in the Gegenbauer expansion: n = 0 (thin dotted), n = 2 (thin dashed), n = 4
(thick dotted), n = 6 (thick dashed), n = 8 (solid). The gray band shows the approximation
ρˆ2(ω
′
r, u
′, µ)/f0(ω′r, µ) ∝ (u′(1− u′))1/3.
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4 Summary
We have investigated light-cone distribution amplitudes (LCDAs) as defined in heavy-quark
effective theory for B-mesons and Λb-baryons. On the one hand, we have constructed easy-
to-use momentum-space representations for the leading Fock states, which reduce to an ex-
pansion in terms of conventional LCDAs when convoluted with a hard-scattering kernel in
the (collinear) QCD factorization approach, but also allows for a comparison with models
for transverse-momentum-dependent wave functions. In the simplest case, our construction
automatically implements so-called Wandzura-Wilczek relations, which connect different
LCDAs in the limit where higher Fock-state contributions to the equations of motion are
neglected. We have also illustrated how corrections to the Wandzura-Wilczek approxima-
tion can be taken into account consistently within our approach. For the baryonic case in
particular, our ansatz leads to a significant reduction of independent hadronic functions
which appear at sub-leading order in the collinear expansion. The sub-leading functions
are needed, for instance, in SCET sum rules analyses of exclusive Λb transitions for cases
where the standard QCD factorization approach would lead to endpoint-sensitive (formally
ill-defined) convolution integrals (see e.g. the discussion in [27]).
Furthermore, we have found a new representation of LCDAs in terms of dual spec-
tral functions, which are the eigenfunctions of the Lange-Neubert renormalization kernel.
The connection between the LCDAs and their dual representations is via convolution inte-
grals with Bessel functions. In the dual space, the solutions to the renormalization-group
equations are extremely simple. In the mesonic case, they are local in the dual momentum
variable ω′ of the light quark. We have demonstrated the simplifications that arise when re-
formulating the factorization theorem for radiative leptonic B → γ`ν decays in terms of the
new spectral function and an associated new hard-collinear function, which evolve both by
a multiplicative factor. Again, the baryonic case is more complicated, because the Lange-
Neubert kernel and the Efremov-Radyushkin–Brodsky-Lepage kernel cannot be separated
in the usual momentum space. In the dual space, however, a separation of the reduced
dual momentum ω′r = ω′1ω′2/(ω′1 + ω′2) and the dual momentum fraction u′ = ω′1/(ω′1 + ω′2)
is possible, which opens the way for a systematic solution of the baryonic renormalization-
group equation in terms of an expansion in Gegenbauer polynomials (as known from the
pion LCDAs).
In summary, our results should be helpful in calculations of exclusive decay ampli-
tudes for hadrons containing a heavy quark in the framework of QCD factorization, soft-
collinear effective theory or light-cone sum rules. Specifically for applications involving
heavy baryons, we expect more transparent and efficient estimates of theoretical hadronic
uncertainties, which are needed, for instance, to constrain physics beyond the Standard
Model from rare decays like Λb → Λµ+µ− which are currently studied at hadron colliders.
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A B-Meson Projectors in arbitrary Frame
In certain applications, one would need the momentum-space projectors in an arbitrary
frame, where n− · n+ = 2, but the heavy-quark velocity reads
vµ = (n−v)
nµ+
2
+ (n+v)
nµ−
2
+ vµ⊥ , v
2
⊥ = 1− (n−v)(n+v) .
A.1 2-Particle Projector
Taking (n−z) z⊥  (n+z) and expanding the non-local matrix element for the B-meson
2-particle LCDAs, we then obtain
2 Φ˜+B(t, z
2) +
Φ˜−B(t, z
2)− Φ˜+B(t, z2)
t
/z
= 2 φ˜+B(τ) +
(
φ˜−B(τ)− φ˜+B(τ)
) /n−
(n−v)
+
φ˜−B(τ)− φ˜+B(τ)
τ
/z⊥
+
∂
∂τ
(
2φ˜+B(τ) +
(
φ˜−B(τ)− φ˜+B(τ)
) /n−
(n−v)
)
(v⊥ · z⊥) +O(z2⊥, n−z) , (A.1)
where now τ = (n−v) (n+z)2 can be interpreted as the Fourier-conjugated variable to the
momentum component of the light anti-quark,
ω =
(n−k)
(n−v)
, ω τ =
(n−k)(n+z)
2
.
The light-cone expansion in (A.1) corresponds to the momentum-space projector
2φ+B(ω) +
(
φ−B(ω)− φ+B(ω)
) /n−
(n−v)
−
∫ ω
0
dη
(
φ−B(η)− φ+B(η)
)
γµ⊥
∂
∂kµ⊥
+ ω
(
2φ+B(ω) +
(
φ−B(ω)− φ+B(ω)
) /n−
(n−v)
)(
v⊥ · ∂
∂k⊥
)
(A.2)
to be used in factorization theorems with hard-scattering kernels where the k2⊥ and (n+k)-
dependence can be neglected. Notice that the so-defined projector is manifestly invariant
under Lorentz boosts, n± → γ±1n±.
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A.2 3-Particle Projector
Following the same procedure as for the 2-particle momentum-space projector, we obtain
the leading contribution to the 3-particle projector in a general frame as
M(3)B µ(v, ω, ξ) = −
i
ξ
f˜BmB
2
[
1 + /v
2
{
(
(n+v)n
µ
−/n− − nµ− + (vµ⊥/n− + nµ−/v⊥)
(n−v)
− γµ⊥
)(
ΨA(ω, ξ)−ΨV (ω, ξ)
)
+
(
nµ−/n− + n
µ
−/n−/v⊥
(n−v)
− nµ− + γµ⊥/n−
)
ΨV (ω, ξ)
(n−v)
− n
µ
−
(n−v)
XA(ω, ξ) +
nµ−/n−
(n−v)2
YA(ω, ξ)
}
γ5
]
, (A.3)
which is again manifestly invariant under longitudinal Lorentz boosts.
B The ERBL Term for the dual LCDA of the Λb–Baryon
The ERBL contribution to the RG equation for the LCDAs φ2(ω1, ω2) reads [26]
d
d lnµ
φ2(uω, u¯ω, µ)
∣∣∣
ERBL
=
αsCF
2pi
∫ 1
0
dv V ERBL(u, v)φ2(vω, v¯ω, µ) , (B.1)
with
ω = ω1 + ω2 , u =
ω1
ω1 + ω2
, u¯ = 1− u = ω2
ω1 + ω2
. (B.2)
The one-loop expression for the ERBL kernel is given by
V ERBL(u, v) =
[
1− u
1− v
(
1 +
1
u− v
)
θ(u− v) + u
v
(
1 +
1
v − u
)
θ(v − u)
]
+
= −u(1− u)
∞∑
n=0
2(2n+ 3)
(n+ 1)(n+ 2)
γERBLn C
3/2
n (2u− 1)C3/2n (2v − 1) , (B.3)
where in the last line we have quoted the expansion in terms of Gegenbauer polynomials
[45], with the eigenvalues of the corresponding anomalous-dimension matrix given by
γERBLn = 1−
2
(n+ 1)(n+ 2)
+ 4
n+1∑
m=2
1
m
. (B.4)
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The transformation to the spectral function ρ2 reads
d
d lnµ
ρ2(ω
′
1, ω
′
2, µ)
∣∣∣
ERBL
=
d
d lnµ
∞∫
0
dω1
ω1
∞∫
0
dω2
ω2
√
ω1ω2
ω′1ω′2
J1
(
2
√
ω1
ω′1
)
J1
(
2
√
ω2
ω′2
)
φ2(ω1, ω2, µ)
∣∣∣
ERBL
=
d
d lnµ
∞∫
0
dω
ω
1∫
0
du
uu¯
√
uu¯ω2
ω′1ω′2
J1
(
2
√
uω
ω′1
)
J1
(
2
√
u¯ω
ω′2
)
φ2(uω, u¯ω, µ)
∣∣∣
ERBL
=
αsCF
2pi
∞∫
0
dω
ω
1∫
0
du
uu¯
√
uu¯ω2
ω′1ω′2
J1
(
2
√
uω
ω′1
)
J1
(
2
√
u¯ω
ω′2
)
×
∫ 1
0
dv V ERBL(u, v)φ2(vω, v¯ω, µ)
=
αsCF
2pi
∞∫
0
dω
ω
1∫
0
du
uu¯
√
uu¯ω2
ω′1ω′2
J1
(
2
√
uω
ω′1
)
J1
(
2
√
u¯ω
ω′2
)∫ 1
0
dv V ERBL(u, v)
×
∞∫
0
dη′1
η′1
∞∫
0
dη′2
η′2
√
vv¯ω2
η′1η′2
J1
(
2
√
vω
η′1
)
J1
(
2
√
v¯ω
η′2
)
ρ2(η
′
1, η
′
2, µ) . (B.5)
In terms of the integrals In defined in (C.2) below, using the Gegenbauer expansion of the
ERBL kernel, we can write
d
d lnµ
ρ2(ω
′
1, ω
′
2, µ)
∣∣∣
ERBL
= −αsCF
2pi
∞∑
n=0
2(2n+ 3)
(n+ 1)(n+ 2)
γERBLn
∞∫
0
dω
ω
∞∫
0
dη′1
η′1
∞∫
0
dη′2
η′2
×
√
ω2
ω′1ω′2
√
ω2
η′1η′2
In
(
2
√
ω
ω′1
, 2
√
ω
ω′2
)
In
(
2
√
ω
η′1
, 2
√
ω
η′2
)
ρ2(η
′
1, η
′
2, µ) . (B.6)
As the integrals In themselves are proportional to Bessel functions and have a homoge-
neous scaling with the variable ω, we can use the completeness relation (C.1) to perform
the ω integration explicitly for each individual order in the Gegenbauer expansion. It is
furthermore convenient to introduce new variables
ω′r ≡
ω′1ω′2
ω′1 + ω′2
and u′ = 1− u¯′ = ω
′
1
ω′1 + ω′2
,
η′r ≡
η′1η′2
η′1 + η′2
and v′ = 1− v¯′ = η
′
1
η′1 + η′2
, (B.7)
and to denote the spectral function in terms of the new variables according to
ρ2(ω
′
1, ω
′
2) ≡ ρˆ2(ω′r, u′) . (B.8)
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We then obtain
d
d lnµ
ρˆ2(ω
′
r, u
′, µ)
∣∣∣
ERBL
= −αsCF
2pi
∞∑
n=0
2(2n+ 3)
(n+ 1)(n+ 2)
γERBLn u
′u¯′C(3/2)n (2u
′ − 1)
×
∫ 1
0
dv′C(3/2)n (2v
′ − 1)
∫ ∞
0
dη′r δ(ω
′
r − η′r) ρˆ2(η′r, v′, µ)
=
αsCF
2pi
∫ 1
0
dv′ V ERBL(u′, v′) ρˆ2(ω′r, v
′, µ) . (B.9)
C Some Relations with Bessel Functions
The completeness relation for Bessel functions,∫ ∞
0
dz z Jn(az) Jn(bz) =
1
a
δ(a− b) ,
can be written as ∫ ∞
0
dω′
ω′
1
ω′
Jn
(
2
√
a
ω′
)
Jn
(
2
√
b
ω′
)
=
∫ ∞
0
dω Jn
(
2
√
aω
)
Jn
(
2
√
bω
)
= δ(a− b) , (C.1)
which has been frequently used in the text.
We further define integrals with Bessel functions and Gegenbauer polynomials,
In(α, β) ≡
∫ 1
0
dv
√
v(1− v) J1(α
√
v) J1(β
√
1− v)C3/2n (2v − 1) . (C.2)
For the first few (even) values of n, we obtain
I0(α, β) = 2αβ
1
(α2 + β2)3/2
J3(
√
α2 + β2) , (C.3)
I2(α, β) = 12αβ
α4 − 3α2β2 + β4
(α2 + β2)7/2
J7(
√
α2 + β2) , (C.4)
I4(α, β) = 30αβ
α8 − 10α6β2 + 20α4β4 − 10α2β6 + β8
(α2 + β2)11/2
J11(
√
α2 + β2) . (C.5)
The general formula can be constructed by introducing the variables
α = 2
√
x
1− u , β = 2
√
x
u
, ⇔ x = α
2β2
4 (α2 + β2)
, u =
α2
α2 + β2
, (C.6)
for which we obtain the compact expression
In(α, β) =
u(1− u)√
x
C(3/2)n (2u− 1) J2n+3
(
2
√
x
u(1− u)
)
. (C.7)
We also often used the relation
Jn(x) =
x
2n
(Jn−1(x) + Jn+1(x)) (n ≥ 1) . (C.8)
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